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Abstract 
Corridi, K. and S. Szah6. An extension for Ha;&’ theorem. Journal of Pure and Applied 
Algebra 79 (lYY2) 217-223. 
Hajbs’ theorem asserts that if a finite ahelian group is expressed as a direct product of cyclic 
subsets of prime cardinality. then at least one of the factors must he a subgroup. (A cyclic 
subset is a ‘front end’ of a cyclic subgroup.) A.D. Sands proved that if a finite cyclic group is the 
direct product of subsets each of which has cardinality a power of a prime, then at least one of 
the factors is a direct product of some subset and a nontrivial subgroup. We prove that the same 
conclusion holds if a general finite abelian group is factored as a direct product of cyclic subsets 
of prime cardinalities and general subsets of cardinalities that are powers of primes provided 
that the components of the group corresponding to these latter primes are cyclic. 
1. Introduction 
Let G be a finite abelian group written multiplicatively with identity element e. 
If B, A,, . , A,, are subsets of G such that each b in B is uniquely expressible in 
the form 
b=u,...u,,, a,EA ,,..., u,,EA,,. 
and each product a, . . . a,, belongs to B, that is, if the product A, . . . A,, is direct 
and is equal to B, then we say that B is factored by subsets A,, . . . , A,,. The 
equation B = A, . . . A,, is also said to be a fnctorizution of B. If e E B n A, fT 
. . . n A ,, , then the subsets and the factorization are called normed. The subset A 
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is defined to be cyclic if it is of form {e, a, a’, . . a’-‘}. The subset A is defined 
to be periodic if there exists an element a of G\{ e} with nA = A. We refer to 
such elements a as periods of A. 
In 1942, Hajos [3]. solving a famous geometrical conjecture of H. Minkowski, 
proved that in every factorization of a finite abelian group by cyclic subsets at 
least one subgroup must occur among the factors. 
Hajos’ theorem is equivalent to its special case when the factors are of prime 
cardinalities. In 1965, Redei [4] generalized this formulation of Hajos’ theorem by 
removing the condition of cyclicity of the factors: In every normed factorization of 
a finite abelian group by subsets of prime cardinality at least one of the factors is a 
subgroup. 
Suppose A is a nonempty subset of G. Note that the periods of the subset A of 
G together with the identity element form a subgroup H of G. Further there is a 
subset B of G such that A = BH is a factorization of A. Consequently, if a 
normed subset of prime cardinality of G is periodic, then it is a subgroup of G. So 
the conclusions of Hajos’ and Redei’s theorems are equivalent to saying that one 
of the factors is periodic. (A related problem can be found in [2].) None of the 
conditions of Redei’s theorem can be removed in general. However, for cyclic 
groups a sharper result holds. It was shown by Sands [5] that in factorizations of a 
finite cyclic group by subsets of cardinalities that are powers of primes at least one 
of the factors is periodic. 
The following question of Sands arises concerning a possible common generali- 
zation of his and Redci’s result. Let R be a subset of the prime divisors of (G] and 
let the v-component of G be cyclic for each r E R. If G = A, . * . A,, is a 
factorization of G and if for each i, 1 5 i 5 YZ, either (A,[ is a power of one of the 
primes rE R or (A,1 is a prime, does it follow that one of the factors A, is 
periodic? 
This paper gives an affirmative answer for Sands’ question in the special case 
when the factors of prime cardinality are cyclic. (Actually, we use a technical 
condition weaker than cyclicity, which is convenient for our inductive proof.) This 
result is a common generalization of Hajos’ and Sands’ theorems but not of 
Redci’s theorem. 
2. Preliminaries 
If A and A’ are subsets of G such that for every subset B of G, if G = AB is a 
factorization of G, then G = A’B is also a factorization of G, then we shall say 
that A is replaceable by A’. Redei [4] made use of group characters to study 
replaceable factors. If A is a subset and x is a character of G, then x(A) denotes 
the sum 
An r,xtension for Hajds theorem 219 
The set of characters x of G for which x(A) = 0 is called the annihilator of A and 
is denoted by Ann(A). Let A and A’ be subsets of G. Redei showed that the 
factor A can be replaced by A’ if IAl = IA’/ and Ann(A) C Ann(A’). 
Let H be the p-component of G and let K be its direct factor complement in G. 
We denote / KI by I_“. Each g in G is uniquely expressed in the form g = hk, 
h E H, k E K. The element h will be called the p-part of g and will be denoted by 
g, and the clement k will be called the p’-part of g and will be denoted by g,,,,. 
“We cite the Corollary to Lemma 1 of [l]. 
Lemma 1. If G = AB is a normed factorization of G such that /Al = p is a prime 
and ~(a,,,,) = 1 for each ,y E Ann(A) and a E A, then A can be replaced by 
A’ = {~,,,(a,,,,)“(~‘): a E A} f or any system of exponents u(u). 0 
The next two lemmas describe situations when the condition of the previous 
lemma holds. 
Lemma 2. If A is a cyclic subset of curdinulity p, then ~(a,,] ) = 1 for each 
xEAnn(A) and uEA. 
Proof. Let A = {e, a, u’, . , a’-‘} and x E Ann(A). Hence 
0 = x(A) = ‘5 
I 
x(a’) = ‘Ii’ (x(a))’ , 
,=I, I=0 
then x(a) # I and so 
x(A) = 
1 - (x(a))” 
1 - x(a) 
Thus if x E Ann(A), then 1 = (x(u))” = (x(a,,,))“(x(a,,,,))“. Since p and p’ are 
relatively prime, ~(a, ,) = 1. This completes the proof. 0 
i’ 
The next lemma is a reformulation of Hilfsatz 14 of [4]. Let G be a finite 
abelian group and let p and q be different prime divisors of 1 GI. We say that 
a E G is a (p, q)-element if a, = 
’ 
e for each prime divisor r of ]G] which is 
different from p and q. 
Lemma 3. Let p und q be distinct prime divisors of ( G( . If A C G, e E A, (A ( = p 
und A contains only (p, q)-elements, then ~(a,,, ) = 1 for each ,y E Ann(A) and 
aEA. 0 
Let G be a finite abelian group and let A C G such that I Al = p is a prime 
divisor of ]G(. If for every x E Ann(A) and u E A one has ~(a,,,,) = 1, then we 
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call A a pseudocycfic subset of G. Lemma 2 shows that if p is a prime divisor of 
1 G(, then for sets of cardinality p, pseudocyclicity is a generalization of the 
cyclicity. 
The periodicity of a subset can be tested in terms of its translates. 
Lemma 4. If A is a nonempty subset of a finite ubelian group, then the nonidentity 
elements of the set 
are all the periods of A. 
Proof. Let A = {a,. . . , a,,} and suppose that a E H\(e). There are elements 
b I”. ., b,! E A such that a = b,ar’ = . . . = b,,a,‘. Since b,, . . b,, are distinct 
elements they are all the elements of A. Consequently, 
aA = {aa,, . . , au,,} = {b,u,‘a,, . , b,,u,~‘u,,) 
= {b,, . , b,,} = A. 
The converse statement, that every period of A lies in H, is immediate. This 
completes the proof. 0 
3. The result 
The next theorem provides a partial answer for Sands’ question. 
Theorem 5. Let G be u finite ubelian group and let R be a subset of the prime 
divisors of 1 G1. Suppose that the r-components of G are cyclic for each r E R. If 
G= A;..A,, (1) 
is a normed factorization of G, where for each i, 15 i 5 n, either A, is a 
pseudocyclic subset and hence of prime order or 1 A ,/ is a power of one of the 
primes r E R, then one of the factors A, is periodic. 
Proof. Let P be the set of prime factors of (GI. If P = R, then every Sylow 
subgroup of G is cyclic, that is, G is cyclic. This special case of the theorem is 
covered by Sands’ theorem. Thus in the remaining part of the proof we may 
restrict our attention to the case Pf R. 
If R is empty, then each iA,1 is a prime. This special case of the theorem is 
covered by Redei’s theorem. Thus we may suppose that P\R and R are not 
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empty, in particular, we may suppose that IGI has at least two different prime 
divisors. 
If n = 1, then G = A, and so A, is periodic. In the n 2 2 case we proceed by 
induction on the quantity 
I’$ ii n Ial. (2) 
,=I nE/l, 
Let s E P\R. If the factors of cardinality s contain only s-elements, then the 
product of these factors forms a factorization of the s-component of G, because 
the product of these factors consists of s-elements and has the cardinality of the 
s-component of G. Since this is a proper subgroup of G, by the inductive 
assumption one of the factors must be periodic and therefore a subgroup. Thus 
we may assume that one of the factors of cardinality s does not consist only of 
s-elements. Let p be the largest element of P for which there exists an i such that 
(A ;I = p, Ai is pseudocyclic and A, does not consist of only p-elements. We may 
suppose that i = 1 because this is just a matter of indexing the factors. 
In factorization (l), by Lemma 1 A, can be replaced by A ; which contains only 
(p, q)-elements, where q is a prime different from p. In addition we may suppose 
that A; contains only one element whose q-part is not e. Clearly A 1 is not a 
subgroup of G. 
Suppose that A, contains more than one non-p-element. Then by Lemma 1 it 
can be replaced by a nonsubgroup A; such that (2) decreases. In addition the 
condition that ~(a, ,) = 1 for each x E Ann(A 1) and a E A 1 holds by Lemma 3. 
By the inductive alsumption one of the factors AZ. . , A,, is periodic. Thus we 
may assume that A, has exactly one non-p-element, say a. If Iu,,,/ > p, then by 
Lemma 1 A, can be replaced by A ; which consists of the p-parts of the elements 
of A,. Now (2) decreases and A; is not a subgroup of G hence by the inductive 
assumption one of the remaining factors is periodic. We may thus suppose that 
la,,,l = p. Similarly, if (a,,,,1 > q, then by Lemma 1 A, can be replaced by a 
nonsubgroup for which (2) decreases. So we may suppose that Ial = pq. 
In factorization (1) replace A, by H which consists of the p-parts of the 
elements of A, to get the factorization 
G= HA,...A,, (3) 
Since (2) is decreased, by the inductive assumption one of the factors is periodic. 
We may suppose that H is a subgroup of G since otherwise we are done. 
From factorization (3) we have the factorization G/H = (A ?H) /H . (A ,,H) / 
H. By the inductive assumption one of the factors in this factorization is periodic. 
We may consider a suitable factorgroup again to get a new factorization. 
Continuing in this way we conclude that there is a maximal subgroup M of G 
which contains all but one of the subsets H, A ?, . , A ,,. We suppose that 
A,, @M since this is only a matter of indexing the factors. 
Let b E A,,. From factorization (3) and (1) multiplying by b-’ we have that 
G = HA?.. . A,,-,(b ‘A,,), G = A, . . . A,,~_,(b-‘A,,) (4,s) 
are also normed factorizations of G. In (5). by Lemma 1 A, can be replaced by 
B, = b,,,(~,<,)‘) U W\ b,,,H= {~,,&J~ W%bS) 
for each i, 0 5 i 5 q - 1. to get the factorization G = B,A, . . . A,,_,(b-‘A,,). Since 
H. A,. . . , A,, -, C M restricting the factorization (4) to M we have the factori- 
zation M=HA:..A ,I~ ,(b~ ‘A,, n M). Note that if b-IA,, n M = {e), then G = 
M(b-‘A,,) is a factorization of G and IA,,1 E P. Further, if b-‘A,! fl M # (e}. then 
[A,,1 = r”. with rE R. a 22. 
We distinguish two cases depending on whether A, C M or A, $Z’M. 
Case 1. First consider the case when A, C M. Now M = A ,A,. . 
A,, ,(b ‘4 n Ml ‘. IS a factorization of M as well. We distinguish two subcases 
depending on whether b-IA,, n M = {e} or b-IA,, n M # {e}. 
Case la. If b -‘A,, f’ M = {e}. then since M is a proper subgroup of G by the 
inductive assumption one of the factors A ,. . . , A,, , in this factorization is 
periodic. 
Case lb. Suppose that b-IA,, n M f {e] and that this is the only periodic 
factor. Now, (A,,\ = r”, r E R, cy 2 2, and so the r-component of G is cyclic. The 
subgroup of periods of b-IA,, rl M contains a subgroup of cardinality Y. Since the 
r-component of G is cyclic it has a unique subgroup K of cardinality r. Thus the 
fixed subgroup K is contained in bm ‘A,,. 
We may summarize our consideration in the following way. If b-IA,, n M = {e} 
for some b E A,,, then one of the factors A,, . A,,_, is periodic. Thus we may 
suppose that b-IA,2 n M f {e} for each b E A,,. Now 
KC n b ‘A,?. 
h t ,I ,/ 
Consequently. by Lemma 4 A,, is periodic. 
Case 2. Turn to the second case when A, FM. Note that in this case 
U, E H C M while II @M and further IN, I = g and so IG : MI = q. We distinguish 
two subcases again depending on wheth:r b ~‘A,! n M Z (P) or b-IA,, n M = {e}. 
Cuse 2a. If bm ‘A ,, n M # {e}, then q’ divides I A ), I and the q-component of G 
is cyclic. The fact that now the elements of order 4 belong to M contradicts our 
observation that u:<, @M. 
Case 2b. Suppose that b-IA,, n M = {e}. As we pointed out now G = 
M(b- ‘A ,,) is a factorization of G. Since b ‘A,, is a complete set of representatives 
modulo M thcrc exists for each i. 0 5 i 5 q - 1, an element c,,( of b ‘A ,, such that 
the coset c,,,M contains the clement u,‘(u, ) I’ ‘i 
I, that is for which u,,,(~,,,)‘c,,~E M. 
Let 
C,,, = C~~,,,(~~,,)‘~,,,S U (H\Ca,,,H = (u ,,(~,<,)‘c,J U (A ,\C4) . 
Note that M = C,,,A, . A,,~_, 
coming from C,,,A , I. A ii 
is a factorization of M as well. Indeed, products 
occur among the products coming from B,A, . . . 
A,,_ ,(h ‘A,,) and these Iat& are distinct since B,A1 . A,, ,(K’A,,) is a factori- 
zation of G. 
Using the fact that M is a proper subgroup of G the inductive assumption gives 
that C,,, is periodic. The periodicity of C,,, and lC,,,l = p means that C,,, is a 
subgroup of G. We distinguish two further subcases depending on whether p = 2 
or p 23. 
Case 2b(i). If p 2 3, then the subgroups C’,,, and H have nonidentity elements in 
common and 1 Ch,/ = lHI = p. hence C,,, = H. Thus a (0 )‘c,,, = a, , that is. 
c 11, = (a,,,) ’ and so (u,,,)~’ E 5 ‘A,, In the special case i L 1 ;his gives” 
(u,<,) -’E f’ 17 ‘A,, 
hE.l,, 
Thus, by Lemma 4 A,, is periodic. 
Cuse 2b(ii). Finally suppose that p = 2. Now [u,~(u,,,)‘c,,,]’ = e. that is csy = e. In 
the special case h = e note that cc,, E A,,. Clearly.-1 A,,1 = q since IG : MI = q and 
G = MA,! is a factorization of G. Thus A ,I = {c. c,,, , cc.?, . cc.<, ~, } and so A ,, 
consists of (2. q)-elements. By Lemma 3, A,, is a pseudocyclic subset of G. If 
CP,lJ = e for each i, 1 5 i 4 q - 1, then A,, is a subgroup of G and we are done. If 
c ‘,,,? # e for some i, 1 5 i 5 q - I, then p = 2 ’ ‘md q f 2 contradict the choice of p 
in the fourth paragraph of the proof. 
This completes the proof. 0 
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